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Area theorems have been proved for the harmonic functions on the half-space [8] and for the harmonic functions w.r.t. the Laplace-Beltrami operator on symmetric spaces: rank-one case in [5] , the product of two rank-one spaces in [6] .
In [5] A. Korányi and R. Putz have proved that, for a harmonic function / on a symmetric space G/K, G = NAK and a measurable set M C A the following are equivalent:
(i) / is a.e. nontangentially bounded on M;
(ii) the area integral is a.e. finite on M; (iii) / is a.e. nontangentially covergent on M.
In the present paper we prove the implication (i) -» (ii) in a more general situation.
We start with an arbitrary homogeneous group A with dilations {6a : a G A = R+} and we form the semidirect product S = NA, xax'a' = x6a(x')aa', x,x' G N, a, a' G A. We equip S with a left-invariant Riemannian metric in such a way that if A comes from the Iwasawa decomposition, then S becomes a rank-one symmetric space. As in [2] we consider not only the Laplace-Beltramni operator but a large class of second-order left-invariant hypoelliptic operators.
In the case of a symmetric space G/K this covers second-order hypoelliptic operators which commute with the AA-action and anihilate constants. Since all the left-invariant Riemannian metrics on S give proportional volume elements, the final result depends only on the group structure not on the Riemannian metric.
The method used in the present paper is a modification of the one of A. Korányi and R. Putz [5] . We have replaced the mean value theorem for symmetric spaces by Harnack inequality [1] and the Green theorem by the divergence theorem.
Whether the remaining implications hold in the case considered here is an open question. The proof by A. Korányi and R. Putz in [5] is based on very specific properties of symmetric spaces and the Laplace-Beltrami operator and we do not see any method of replacing it by another argument.
Area theorem.
A simply connected nilpotent Lie group A is called homogeneous [3] if there is a basis E[,..., E'n of the Lie algebra n of A and numbers 1 = di < ■ ■ ■ < dn such that for a > 0 the map E'--► ad'E'-extends to an automorphism 6a of n. Identifying A and exp A we see that 6a is an automorphism of A. It is called a dilation.
On A there is a function A 3 x -> \x\ G R+ (homogeneous norm), which is C°° outside x = e, 6a(x) = a\x\, \x\ -0 iff x = e, \xy\ < f(\x\ + \y\) for some 7 > 1. If meas denotes the Lebesgue measure on A and B(r) = {x G N: \x\ < r}, we have meas(ß(r)) = cir® for a universal constant ci and Q -di + • ■ ■ + dn.
In this paper we study the solvable group S = NA which is the semidirect product of A and the group of dilations A = R+ with axa-1 = Sa(x), a G A, x G N. Let Ei,...,
En be left-invariant vector fields on S corresponding to E[,..., E'n and Eo a vector field defined by We may assume that M is bounded. The proof of the Theorem is based on four lemmas. The first is a simple modification of Lemma 5 of [4] , the second has been proved in [5] . PROOF. Since L is left-invariant, it is sufficient to consider only the case x -e. Let T"ß(e) = Vß, \g\oo = supxgr» \g(x)\ and K = {xa: \x[ < aa, \t < a < r}. Then bK = {xa: \x\ < aa, |èr < a < rb} and T£ = Ub<i °K-The Harnack inequality [1] implies that there is a constant c2 such that for every harmonic function g on The next step is to replace the regions W* (M) by regions W¡, on which we can apply Stoke's Theorem [9, p. 100]. We take the same regions W¡ as A. Korányi and R. B. Putz in [5] . Let {xj}^L1 be a countable dense sequence in M and W,= U (TTa(x])n{xa:a>l/l}), i<j<i Biß = dWi n {xa: a = r}, Bj,i = dWi n {xa: l/l < a < r}.
Then W¡ C W¡+i, U¡^i Wî = W£(M) and we have the following lemma (Lemma 5 of [5] ). LEMMA 4. Let dp be the surface element on W\, d/dn the outward pointing unit normal to Biti and dn the left-invariant volume element on N. Then there exist constants 03,04 > 0 independent of I such that aQ < -c3 daQ/dn, -(daQ/dn) dp = c47r*(dn), 
